We analyse the structure of (2+1)D skyrmions with topological charge greater than one; the baby multi-skyrmions. Unlike in the nuclear Skyrme model, a potential term must be present in the baby Skyrme model to ensure stability. We show that the choice of the potential term has a crucial effect on the existence and structure of multi-skyrmions. For example, the minimal energy solutions of the new baby Skyrme model consist of ring, or closed string, configurations very different from the crystal-like of the old baby Skyrme model. We briefly discuss its relevance to the nuclear Skyrme model.
Introduction
The baby Skyrme model is a modified version of the (2+1)D S 2 sigma model. The addition of a potential and a Skyrme term in the lagrangian ensures stable solitonic solutions: the baby skyrmions. The Skyrme term has its origin from the nuclear Skyrme model proposed in [Skryme, 60] and the baby Skyrme model can therefore be viewed as its (2+1)D analogue. However, the potential term is necessary in the baby Skyrme model to ensure stability; this term is optional in the (3+1)D nuclear Skyrme model. Now the choice of the potential term is somewhat arbitrary and gives rise to a multitude of possible baby Skyrme models. In the literature, two specific models have been studied in great detail. (see [Piette et al., 92] , [Piette et al., 95] ). The holomorphic model does not admit any stable multi-skyrmions. And the 'baby Skyrme model' 1 with the most simplest potential admits rather beautiful, non-radially symmetric multi-skyrmions. A new 2 slightly modified potential gives rise to a remarkably different structure for multi-skyrmions: we call it the new baby Skyrme model. In fact, all lowest-energy multi-skyrmions turn out to be radially symmetric configurations, namely rings of bigger and bigger radii. Clearly, the choice of the potential term has a major impact on the formation of skyrmions with high topological charge.
We give a short introduction to the baby Skyrme models. The earlier results for the two baby Skyrme models are confirmed and reviewed in the light of their multi-skyrmion structure. We present a numerical and analytical analysis of the new baby Skyrme model. Two methods are used to find multi-skyrmions; via the profile function for radially symmetric solutions and by relaxing bound states created by putting skyrmions of topological charge one in an attractive channel. Finally, we suggest a general framework that allows to guess the existence and structure of multi-skyrmions according to the choice of the potential term.
2 Baby Skyrme models
Non-trivial Topology & 'Stable' Lagrangian
The baby Skyrme models 3 admit stable field configurations of finite energy and solitonic nature. Those baby skyrmions are topological solitons. Their existence is a consequence of the non-trivial topology of the mapping of physical space into field space at a given time t:
The target manifold (or internal space) can be described by a three-dimensional vector φ with φ · φ = 1 or by a complex field W. The non-trivial topology allows to classify maps into equivalence classes, each of which has a unique conserved quantity; the topological charge
Further, stability is ensured by an appropriate choice of lagrangian terms of field derivatives and a potential. The lagrangian consists of three terms, from left to right: the sigma model, Skyrme and the potential term.
Each term has a different scaling behaviour and, together, they ensure stability according to Derrick's theorem. We require that the potential vanishes at infinity for a given vacuum field value; for example φ = (0, 0, 1). However, there is also the possibility that the potential is zero for other values of the field.
Hedgehog Static Solutions
The static hamiltonian of the baby Skyrme model is
There is no unambiguous way of finding the minimal-energy static solutions. Intuitively, the most symmetric configuration should have the lowest energy. Therefore, a radially symmetric configuration is the most obvious choice (see e.g. [Piette et al., 94] ). The hedgehog Ansatz assumes a radially symmetric solution and forms the basis of the search for static solutions, in polar coordinates:
The profile function f (r) contains all the necessary information. Note that n is the topological charge (in integer units), θ the polar angle and χ a phase shift. Now, the hamiltonian or energy takes the form:
The corresponding Euler-Lagrange equation leads to an second-order ODE:
The topological charge density and its integrated value take the form:
The boundary conditions for the profile function determine the topological charge. We have fixed the value of the field at infinity to be φ = (0, 0, 1) which implies that lim r→∞ f (r) = 0.
And, the value of the profile function at the origin needs to be
m being an odd integer. The topological charge is non-zero and T = 4πn where 4π comes from the normalisation. From now on, we write all quantities in 4π units. All m = 1 solutions probably decay into m=1 solutions; topological arguments being the reason. Thus let m be 1 for the rest of this paper.
The value of the field is known at two space locations. Those special points are r = 0 and r = ∞. The ODE can be approximated analytically around these points.
• At the origin, the profile function is approximated as
as long as
tends to zero at this point. The energy density at the origin is
• At large r, the ODE reduces to
The derivative term from the potential term is neglected for some potentials in a consistent way, because it is small compared to the other terms. This is the case for the holomorphic model, for example. Further discussions will follow.
Time-dependent Solutions
A Lagrange multiplier needs to be included into the lagrangian to take care of the constraint φ · φ = 1. The equations of motions for each field component φ a and λ are obtained via the Euler-Lagrange equation. Solving for λ, the equation of motion takes the form:
which can be rewritten asφ
with
We find that the inverse matrix of K exists in an analytic, but rather messy form. The equation of motion is a 2nd order PDE or a set of two 1st order PDEs.
Numerical Techniques
The baby Skyrme model is a non-integrable system and its resulting differential equations prove to be impossible to solve analytically. Numerical methods are the only way forward. The baby Skyrme models are put on a lattice by discretising space and the space derivatives. The advent of fast computers makes this task manageable and not too time-consuming. The differential equations of the static hedgehog solutions and its time-evolution can be reduced to a set of two 1st order differential equations. These equations can then be solved using a numerical integration method. We use the Runge-Kutta integration method that provides the time-integration of a given initial configuration; see appendix A for further discussion.
The Different Models
So far, the literature contains work on the holomorphic model and the old baby Skyrme model. There are no stable multi-skyrmions found in the holomorphic model. However, the old baby Skyrme model admits non-radially symmetric solutions. We will show that the new baby Skyrme model admits radially symmetric multi-skyrmions.
Holomorphic Model
The holomorphic model has the potential V = (1 + φ 3 ) 4 and is the first baby Skyrme model studied in the literature. ( [Leese et al., 89] 
The holomorphic potential is unique in the sense that its model admits an exact analytic solution for a skyrmion with topological charge one (we call it a 1-skyrmion). The asymptotic behaviour (see equation 13) does not depend on the potential. The skyrmion is polynomially localised. The force between two holomorphic skyrmions is always repulsive. This repulsion can be overcome by sending the two 1-skyrmions against each other. Above a critical speed, they overlap and form a intermediate state. However, this state is not stable and the two 1-skyrmions scatter at 90 degrees. No multi-skyrmions are known to exist.
Old Baby Skyrme Model
The old baby Skyrme model has been extensively studied in [Piette et al, 95a] and [Piette et al, 95b] . The potential V = 1 − φ 3 gives rise to a very structured crystal-like configuration for multiskyrmions. It's crystal-like in the sense that the configurations are formed out of 2-skyrmions.
Solutions of the hedgehog ansatz are found numerically by solving equation (7) via the shooting method. The 1-skyrmion has a hill shape and is exponentially localised. The 2-skyrmion is a ringlike configuration. Using the dipole picture developed by Piette et al, two old baby 1-skyrmions will attract each other for a non-zero value of the relative phase. They form an oscillating bound-state (see next section for picture) which leads to a stable 2-skyrmion by numerical relaxation.
We use the same coefficients as Piette et al.: add a factor 1 2 to the sigma model term (see equation 3), θ 1 = 0.25 and θ 2 = 0.1. We have re-done their computations and extended it to n=7, 8 and 9. Figure 1 shows the creation of an 8-skyrmion. The initial configuration of eight 1-skyrmions is time-evolved and relaxed. The system starts moving to four 2-skyrmions which re-arrange themselves. Slowly, the system moves towards a stable configuration, the 8-skyrmion. The building block of this crystal-like structure is the 2-skyrmion. The preferential decay mode for old baby skyrmions is the emission of a 2-skyrmion. The following Indeed, the 2-skyrmion emission is the energetically most favourable decay mode. Note that the data comes from the full time-evolution. Using the hedgehog ansatz leads to slightly different, more accurate, values; for example: the energy of a 1-skyrmion is 1.564.
New Baby Skyrme Model
The new baby Skyrme model 4 exhibits a completely different behaviour for multi-skyrmions. In fact, the multi-skyrmions are ring-like configurations; their radii being proportional to their topological charge. The form of the potential is
The potential has two vacua; for φ 3 = 1 and φ 3 = −1. At infinity, the old and the new baby Skyrme models have the same vacuum φ 3 = 1 and behave in the same way. They only differ close to the origin. Another important fact is that the lagrangian of the new baby Skyrme model is invariant under
Static Solution
Numerical Solution Again, the ODE (equation 7) is solved using the shooting method. Surprisingly, solutions not only exist for topological charge one and two, but also for higher values. Figure 3 shows all solutions up to topological charge 20. The higher the charge the more difficult it becomes to find solutions numerically, because the profile function becomes more and more sensitive to the numerically determined value of its derivative at the origin. The numerical results are very interesting. Unlike in the old baby Skyrme model, the multiskyrmions are radially symmetric configurations. The peaks of the energy density of rings converge to an asymptotic height and their position shifts by an asymptotically constant amount. This observation deserves some further reflection. The coefficient θ 2 of the potential term is set to 0.0887. The energy of the new baby 1-skyrmion is now approximately the same as the old baby 1-skyrmion in the hedgehog ansatz. This convention puts both potentials an equal footing. The energies and most likeliest decay modes of the lowest multi-skyrmions are as follows. The multi-skyrmions do not decay via a 2-skyrmion emission (see last section) but decay into two similar configurations ie. 5→ 3 + 2 or 6→ 3 + 3. This is probably due to the φ → − φ symmetry; two similar symmetric configurations are energetically preferable to a 2-skyrmion emission. The energy per skyrmion in a multi-skyrmion is decreasing to an asymptotic value for large n (unlike the old baby multi-skyrmions) and so is the binding energy.
It is very hard to get the higher multi-skyrmions using the shooting method. Using slightly different coefficients, it was still possible to compute the binding energy of the most likely decay modes for each multi-skyrmion up to charge 20.(see figure 4) . Clearly, the multi-skyrmions become less and less bound. Their binding energy seems to go to an asymptotic value.
Special Points Is it possible to predict the general features of the new baby multi-skyrmions?
The main obstacle is the non-linearity of the ODEs even in the most simplest ansatz, the hedgehog ansatz. Nevertheless, the new baby Skyrme model possesses special points like boundaries or points of symmetries. These simplify the equations and allow to give some quantitative predictions or serve as consistency checks. The table below exhibits the relation between the special points in physical and field spaces.
There are three special points. The value of the profile function f (r) at the origin is known and its form can be approximated. As mentioned before, the lagrangian has a φ → − φ symmetry and the field value φ 3 = 0 is a point of symmetry in field space. Finally, the asymptotic behaviour can be calculated in the large r limit with f (r) close to zero.
Special Point: r = 0. The profile function can be approximated at the origin by equation 11. Now, the energy density at the origin is:
The energy density of all new baby multi-skyrmions at the origin is zero. This is not the case for the old baby Skyrme model: it doesn't have a vacuum at r = 0. In other words, the potential term of the lagrangian tries to keep the new baby skyrmion away from the vacuum.
Special Point: r = d. Let d be the position for which f = π 2 and denote its dependence on the topological charge n; d(n). The topological charge density at r = d(n) simplifies to
We can re-write the profile function f(r) as
Up to second order in v(r), equation 7 reduces to the form:
Unfortunately, we are not able to solve this ODE. However, the energy density at the special point f = π 2 reduces to
Its value depends on the derivative of the profile function and the topological charge density using (20). The potential term always has a maximum at r = d(n); its maximum value being θ 2 . Now, figure 3 allows us to deduce an empirical law. The height of the energy density of the peak of the ring configuration is approximately a constant for large n.
The larger the topological charge the more the multi-skyrmion approaches the peak and shape of the asymptotic multi-skyrmion. Using this empirical knowledge leads us to conclude that, in the large n limit,
α and β being constants. And, the peak of the ring shifts by a fixed amount from a skyrmion of charge n to one of charge n+1.
This is a nice consistency check. The idea of an asymptotic multi-skyrmion helps us to understand the structure of the multi-skyrmions. The energy density becomes
for the peak of the asymptotic multi-skyrmion. For large n, the shape and peak of the multiskyrmions are very close to the asymptotic multi-skyrmion. We can approximate the configurations by a finite box of height E d around the point r = d(n). This gives us the dependence of the total energy on the topological charge.
using (27). Asymptotically, the total energy grows linearly with n. Thus, minimal-energy multiskyrmions exist as bound-states in terms of rings. The system doesn't switch to less symmetric configurations, because they would have higher energies. A similar argument can be made for the nuclear Skyrme model; we get:
We didn't do any numerical studies on the (3+1)D Skyrme model. There are two possible outcomes. Either, the approximation holds and the total energy grows quadratically in the asymptotic limit. There are no bound-states anymore and the system will switch to less symmetric configurations. Or, the approximation is not valid anymore because the shape is changing with n and so a changes. Now, bound-states may exist in the hedgehog ansatz. A detailed analysis of the profile function and numerical simulations should settle this open question.
Special Point: large r. Looking at large r, the old and the new baby skyrmions behave in the same way. Clearly, the difference lies in the small and medium r region where the baby skyrmion does not possess the φ −→ − φ symmetry. The equation 13 gives
Unlike for the holomorphic model, the coefficient of the potential term is present here. The potential localises the skyrmion exponentially. Solving for appropriate boundary conditions, the profile function decays exponentially Time evolution
So far, we have only looked at the static solutions of the hedgehog ansatz. In the old baby Skyrme model, the minimal-energy multi-skyrmions are not radially symmetric. We need to check that the ring-configurations are also the minimal-energy solutions in a 2D space time evolution. First, two new baby 1-skyrmions scatter in the same way as the old baby skyrmions do. Figure 5 shows how the two 1-skyrmions attract each other, form a bound-state, scatter away at 90 degrees, get slowed down by their mutual attraction, attract each other again and so on. This oscillating but stable bound-state is an excited state of the 2-skyrmion solution. Taking out the kinetic energy, the bound-state relaxes to the 2-skyrmion; a ring.
We also obtain all the minimal-energy configurations by relaxing a circular setup of n skyrmions. It is very satisfactory that the time-evolution relaxation gives the same qualitative results. Figure  6 shows one of these events: the formation of a 5-skyrmion. The skyrmions attract each other and merge into intermediate states. Relaxation takes out the kinetic energy and the unstable intermediate states decay. They form an irregular ring configuration that moves like a vibrating closed string. Slowly, the configuration settles down to a radially symmetric form due to the loss of kinetic energy. Figure 7 shows the final configuration of multi-skyrmions from charge two to five. Actually, the larger rings are slightly deformed. However, simulations on larger grids show that this effect is due to the boundary. 5 A useful framework for multi-skyrmions
There are important differences between the three potential terms: do the multi-skyrmions exist, can two 1-skyrmions be put in an attractive channel, how many special points are there and how many vacua?There are two useful rules for multi-skyrmion structure of a baby Skyrme model for a given potential. Let us summarise:
• Existence of multi-skyrmions. Baby Skyrme models seem to admit multi-skyrmions if the force between two 1-skyrmions can be attractive. Two 1-skyrmions overlap and form an intermediate state scatter at 90 degrees. Only an attractive force between them can overcome the energy due to the scattering and lead to a bound state. We can go one step further and conjecture that if the asymptotic behaviour does not depend on the potential coefficient, the force between two 1-skyrmions is repulsive.
• Structure of multi-skyrmions. The existence of symmetries in field space influences the structure of multi-skyrmions; see the concept of 'the asymptotic multi-skyrmion'. The behaviour of the energy density of a skyrmion is well described at the origin and for large r. The existence of symmetries seem to determine whether the hedgehog ansatz gives the minimal-energy solutions or whether the model flips to a less symmetric configuration.
Conclusion
Clearly, the choice of the potential term has a crucial effect on the structure of multi-skyrmions. Two models, the old and new baby Skyrme model, look exactly the same at large distance, but possess completely different minimal-energy configurations. We analysed the models using numerical methods and analytical approximations at the special points. To conclude, some interesting points arise from the study of multi-skyrmions in the baby Skyrme models.
• The potential term is largely arbitrary. For example, potentials with multiple vacua still have the same large distance behaviour, but their multi-skyrmion solutions have rather exotic shapes. Unlike the conventional 'smooth hill' shape, their 'hills' have riddles in them and sometimes they have two-rings configurations ie. a smaller ring inside a bigger ring. It's worth investigating this further.
• Are there any applications? If there are 90 degrees scattering phenomena observed in experiments, then the analysis of bound-states can lead to the determination of the potential responsible for these phenomena.
• Of course, the application of the baby Skyrme model in the quantum regime requires an appropriate quantization scheme. The next step should be the quantization of the baby Skyrme model.
• The potential crucially shapes the structure of multi-skyrmions. This is probably only partially true in the nuclear Skyrme model. Nevertheless, there is no argument why the potential term used cannot have two vacuum states. It would be interesting to see what happens in a nuclear Skyrme model with a new baby Skyrme potential. Will it lead to shell structures?
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